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INTRODUCTION
Structural elements subjected to in-plane periodic forces may lead to parametric resonance, due to certain combinations of the values of load parameters. The instability may occur below the critical load of the structure under compressive loads over a range or ranges of excitation frequencies. Several means of combating resonance such as damping and vibration isolation may be inadequate and sometimes dangerous with reverse results [1] . Thus the parametric resonance characteristics are of great technical importance for understanding the dynamic systems under periodic loads. The dynamic instability characteristics of plates subjected to uniform loads were studied by Hutt and Salam [2] using Finite Element Method. Parametric resonance in shell structures under periodic loads had been of considerable interest since the subject was studied by Bolotin [3] , Yao [4] , Bieniek et al. [5] and Vijayaraghavan & Evan-Iwanowski [6] . The method of solution of these class of problems were to first reduce the equations of motion to a system of Mathieu-Hill equations and the parametric resonance characteristics were studied by different methods. A detailed study of resonances had carried out by Koval [7] using Donnel's shell theory. The stability of the steady state response of simply-supported circular cylinders subjected to harmonic excitation was investigated by Radwin and Genin [8] using variational equations. The parametric instability characteristics of circular cylindrical shells under static and periodic loading were studied by Nagai and Yamaki [9] using Galerkin procedure and Hsu's method. The dynamic stability and non-linear parametric vibration of isotropic cylindrical shells with added mass were considered by Kovtunov [10] . The dynamic instability of composite simply-supported circular cylindrical shell was analysed by the Method of Multiple Scale(MMS) by Cederbaum [11] . A perturbation technique was employed by Argento and Scott [12] to study the instability regions subjected to axial loading . The effects of static load and static snap through buckling on the instability for spherical and conical shells were investigated [13] using Galerkin method. The dynamic instability of conical shells are studied by Tani [14] using Finite Difference method and by Ng et al. [15] using Generalized Differential Quadrature method. The parametric resonance of a rotating cylindrical shell subjected to periodic axial loads is investigated by Ng et al. [16] . The parametric resonance of cylindrical shells under combined static and periodic loading was studied using different thin shell theories by Lam and Ng [17, 18] . Most of the investigators studied the dynamic stability of uniformly loaded closed cylindrical shells with a simply supported boundary condition, using analytical approach.
The practical importance of stability analysis of doubly curved panels/open shells has been increased in structural, aerospace (skin panels in wings, fuselage etc.), submarine hulls and mechanical applications but this type of open shells/panels have received less attention because of complexities involved. The free vibration of doubly curved shallow shells/curved panels was studied by a number of researchers [19] [20] [21] [22] and well reviewed [23, 24] . Recently the vibration under uniform initial stress and buckling stresses were studied for thick simply-supported doubly curved open shells/panels through Hamilton's principle [25] . The buckling characteristics of isotropic flat panel [26, 27] and closed cylindrical shell [28, 29] due to concentrated loadings were also investigated. The study of the parametric instability behaviour of curved panels is new. Recently the dynamic stability of uniformly loaded cylindrical panels with transverse shear effects is studied by Ng, Lam and Reddy [30] . Besides this, the applied load is seldom uniform and the boundary condition may be completely arbitrary in practice. The application of non-uniform loading and general boundary conditions on the structural component will alter the global quantities such as free vibration frequency, buckling load and dynamic instability region(DIR).
In the present study, the parametric instability of doubly curved panels subjected to various in-plane uniform and non-uniform, including partial and concentrated edge loadings are investigated. The influences of various parameters like effects of static & dynamic load factors, aspect ratio, radius to side ratio, thickness, various boundary conditions, percentage of loaded length and position of concentrated loads on the instability behaviour of curved panels have been examined. The present formulation of the problem is made general to accommodate a doubly curved panel with finite curvatures in both the directions having arbitrary load and boundary conditions.
THEORY AND FORMULATIONS
The basic configuration of the problem considered here is a doubly curved panel as shown in Figure 1 , subjected to various non-uniform harmonic in-plane edge loadings.
GOVERNING EQUATIONS
The equation of equilibrium for free vibration of a shear deformable doubly curved panel subjected to in-plane external loading can be written as:
(1) 
The in-plane load P (t) is periodic and can be expressed in the form
where P s is the static portion of P. P t is the amplitude of the dynamic portion of P and Ω is the frequency of excitation. The static buckling load of elastic shell P cr is the measure of the magnitudes of P s and P t ,
where α and β are termed as static and dynamic load factors respectively. Using Equation (3), the equation of motion is obtained as:
Equation (5) 
Putting this in Equation (5) 
Equation (7) An eight-nodded curved isoparametric quadratic element is employed in the present analysis with five degrees of freedom u, v, w, θ x and θ y per node. First order shear deformation theory (FSDT) is used and the shear correction coefficient has been employed to account for the nonlinear distribution of the shear strains through the thickness. The displacement field assumes that mid-plane normal remains straight but not necessarily normal after deformation, so thatū
where, θ x , θ y are the rotations of the mid surface Alsoū,v,w and u, v, w are the displacement components in the x, y, z directions at any section and at mid-surface respectively. The constitutive relationships for the shell are given by
where
A Reissner's shear correction factor of 5/6 is included for all numerical computations. Extension of shear deformable Sander's kinematic relations for doubly curved shells [33, 34] are used in the analysis. The linear strain displacement relations are
The element geometric stiffness matrix for the doubly curved panel is derived using the nonlinear strain components as:
The element matrices are derived as:
Elastic stiffness matrix
Geometric stiffness matrix
Consistent mass matrix
The overall matrices [K e ], [K σ ] and [M] are obtained by assembling the corresponding element matrices.
COMPUTER PROGRAM
A computer program has been developed to perform all the necessary computations. Element elastic stiffness matrices and mass matrices are obtained using a standard procedure.
The geometric stiffness matrix is essentially a function of the in-plane stress distribution in the element due to applied edge loadings. Since the stress field is non-uniform, plane stress analysis is carried out using the Finite element method to determine the stresses and these are used to formulate the geometric stiffness matrix. Reduced integration technique is adopted in order to avoid possible shear locking. Element matrices are assembled into global matrices, using skyline technique. Subspace iteration method is adopted throughout to solve the eigenvalue problems.
RESULTS AND DISCUSSIONS
The convergence studies have been carried out for fundamental frequencies of vibration of cantilevered doubly-curved shells/panels for three different cases and the results are compared with Leissa et al. [20] in Table 1 . The effect of static component of load for α = 0.0, 0.2, 0.4 and 0.6 on the instability regions is shown in Figure 2 . Due to increase of static component, the instability regions tend to shift to lower frequencies and become wider. Figure 3 shows the effect of aspect ratio on instability regions. It is observed that, the onset of dynamic stability occurs much later with decrease of the aspect ratio but with increasing width of instability regions. Figure 4 shows the influence of different boundaries(SSSS, SCSC, CCCC) on the principal instability regions. As expected, the instability occurs at a higher excitation frequency from simply supported to clamped edges due to the restraint at the edges. The width of the instability regions are also decreased with the increase of restraint at the edges. The effect of radius to thickness ratio on instability regions is shown in Figure 5 .
The onset of dynamic instability regions are observed to be increasing with decrease of R y /h ratio. Figure 6 shows the effect of shallowness ratio on instability regions. As seen from the figure, the instability excitation frequency is higher for decrease of shallowness by decreasing R x and R y . Studies have also been made ( The results are presented in Table 3 . It was observed that instability appears at lower excitation frequency with increasing dynamic instability region. The investigation is then extended for partial and concentrated edge loading from one end. The load parameter of c/b=0 corresponds to concentrated loads at the two opposite edges. A double pair of partial & concentrated loading from both ends and other types of non-uniform loading are also studied. The curved panels under non-uniform loading behave differently to that of under uniform loading. The onset of dynamic stability occurs earlier with the increase of percentage of loaded edge length. Figure 8 shows that the instability occurs later for a small patch loading (c/b=0.2) as compared to a higher band width (c/b=0.8). This may be due to the constraint at the edges. Similarly, the instability also depends on the positions of concentrated loading ( Figure 9 ). As observed, the instability occurs at lower excitation frequencies with increase of distance from the edges (c/b). The curved panel with a small patch of loading behaves in a similar manner to that of a panel subjected to a pair of concentrated loading near the edges and shows highest stiffness among all the loadings considered.
CONCLUSION
The results of the stability studies of the shells can be summarised as follows:
1. Due to static component, the instability regions tend to shift to lower frequencies with wide instability regions showing destabilizing effect on the dynamic stability behaviour of the curved panel.
2. The onset of instability occurs at higher excitation frequencies with lower R y /h ratios.
3. The instability regions have been influenced due to restraint provided at the edges.
4. The onset of instability region appears earlier for rectangular panels with the increase in aspect ratio.
5. The instability regions start at higher frequencies with lower shallowness ratio.
6. The curved panels show more stiffness with addition of curvatures. But the hyperbolic paraboloid panels behave like a plate with no stiffness being added due to curvature of the shell. 7 . The instability appears at lower excitation frequency with increasing dynamic instability region with biaxial loading.
8. The onset of instability occurs at higher excitation frequencies for small patch and concentrated loads near the edges but at lower frequencies for long band width and concentrated loads away from the edges. vibration analysis of doubly curved shallow shells on rectangular planform using threedimensional elasticity theory. No. of Table-1 Table 2 Non-dimensional fundamental frequencies and buckling loads for the doublycurved shell/panel. No. of Table-2 Table 3 Primary regions of instability for the doubly-curved panel subjected to different loading conditions . A. The equilibrium equations of doubly curved panel as per Sander's theory with consideration for external loading has been presented as Equation (1) in section 2.1 in the revised manuscript.
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Q 3. The authors present results (Fig 8) where there is partial loading along the boundary edges. However, there is no mention in the formulation how this is done. This should be clearly stated.
A. The formulation of the problem considering the partial edge loading has now been explained in section 2.2 of the revised manuscript.
Q 4. The authors only consider loading in the x-direction. An interesting study that
should not entail too much extra work would be to study the effects of double sided (i.e.
x and y-directions simultaneously loaded) loading on the instability regions.Would the region sizes increase substantially or would they remain more or less similar? This would be of more interest to readers.
A. The effect of double sided loading on the instability region has been studied as suggested by the Reviewer. The results are presented in Table 3 and conclusions drawn. No. of Table-4 Table 2 Comparison of Non-dimensional frequency for the CFFF doubly curved shells. 
